
P H I L O S O P H I C A L 



T R A N S Ad T I O N S. 



XVIt Of the Rotatory Motion of a Body of my Form whatever^ 
revolving^ without BJsftraint^ about atiy Ams- pajjtng through 
tts center of Gran)ity. Bjy ifefn John Landen, F.R.S, 



Read March 1 7, 17 8 5 . 

A SPHERICAL body, uniformly denfe, It b obvious. 
Will, if made to revolve freely about any axis paffing 
through its center, continue to revolve about the fame axis; 
and, by what I have fhewn in the Phikfophical TranfaBions 
for the year 1777, it appears, that a cy Under oi uniform den- 

fity, whofe length is to its radius as s/ "^ to i, will do the 

fame. It likewife appears, by my Mathematical Memoirs^ 
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that a cone^ a conoid^ ^ prijm^ or ^ pyramid^ &cc. oi certain 
dimenfions, will have the like property of continuing, with- 
out any reflraint, to revolve about any axis paffing through its 
jcenter of gravity^ 

When" the axisv about which 'ia body ffiay be ifiade to 
revolve, is not a permanent one, the centrifugal farce of its 
particles will difturb its rotatory motion , fo as to caufe it to 
change it^ axi« o€ rotation, (and, coniequently its poles) every 
inftant, and endeavour to revolve about a new one : and I can- 
not think it will be deemed an uninterefting propofition to de- 
termine in what track, and at what rate, the poles of fuch 
momentary .axis will be varied in any body whatever ; as, 
without the "knowledge to be obtained from the Iblution of 
fuch problem, we cannot be certain whether the earth, or any 
other planet, may not,, from the inertia of its own par- 
ticles, fo change its momentary axis, that the poles thereof 
fhall approach nearer and nearer to the prefent equator, or 
whether the evagation of the momentary pples, arifing frorm 
that caufe, will not be limited by fome known lefler circle. 
Which certainly is an important confideratioii in aftronomy ; 
efpecially now that branch of fcience is carried to great per- 
fe£lion, and the acute aftronomer endeavours to determine the 
motions of the heavenly bodies with the greatefl: exadnefs^ 
poUible. 

I do not know that the problem has before been . folved by 
any mathematician in thefe kingdoms ^ but I am aware that it 
has been confidered by fornx gentlemen, very eminent for theii> 
mathenmtical knowledge, in other nations. The folutions of 
it, given by the celebrated M. LEaNHARD Euler and M. 
D'Alembert, I have feen : and we learn from what the laft 
mentioned gentleman has faid, in his Opujcules Maihcmatiques^, 
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that a ' iblutiou of itj^'inveftigatad.^bj ,M.' Joi?^ Ai.be.et 
EuLER (after a method iimiiar to his father's) obtained the 
prize given by the Academy of Sciences in the year 1761. The 
concluiions deduced by thofe very learned gentlemen differing 
greatly from mine made me fufpedt, for fome time, that I had 
fomewhere erred in my inveftigation, and induced me to rerife 
my procefs again and again with the greateft circumfpe6lion* 
At length my fcrutiny has fo\^e moved my doubts, that, being 
well aflured of the truth of my theory, I now beg leave to 
prefent it to the Royal Society,* prefuming that it will be found 
not unworthy of the notice of fuch readers, as are curious in 
contemplating the various motions which bodies may naturally 
have, m confequence of inftantaneous or continued impulfe. 

In the Phtlofophical TranfaSlions referred to above, I gave a 
fpecimen of this theory, as far as it relates to the motion of a 
Jpheroid zn^ a cylinder. Tilt improvements I have fi nee made 
in it, enable me now to extend it to the motion oi any hdv 
whatever^ how irregular foever its form may be. 

What I here infer therefrom will be found to differ very ma- 
terially from the deductions in the folutions given by the gen- 
tlemen above-mentioned. They reprefent the angular velocity, 
and the momentum of rotation of the revolving body, as always 
variable^ when the axis about which it has a tendency to re- 
volve Is a momentary one, except in a particular cafe. By my 
inveftigation it appears, that the angular velocity and the mo- 
mentum of rotation will always be invariable in any revolving 
body, though the axis about which it endeavours to revolve be 
continually varied ; and the tracks of the varying poles upon 
the furface of the body are thereby determined with great 
facility* 

T.t.:^ , It 
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It is not only obfervable, that the tracks which the>arymg 
poles take, in the furface of any revolving body, are fuch that 
its momentum of rotation may continue the fame whilft its 
angular velocity continues the fame ; but it may be obferved^ 
that, in any given body, there is only one fuch track which a 
momentary pole can purfue from any given poinL 

If the angular velocity and the momentum of rotation of a 
revolving body were to vary according to the computations ad- 
verted td above, k would follow, that a body might acquire an^ 
infcreafeof force from its own motion, without being any way^ 
affefted by any other body whatever, as the fame percuffive 
Jbrce, applied at the fame diflance from the momentary axis^ 
would not always deftroy the rotatory motion of the body, 
which furely cannot poffibly be true. From the principles or 
laws of motion, which I confider as undoubtedly true (and 
which indeed are no other than the common principles of me- 
chanics), I conclude that a revolving body, not affe£ted by any 
external impulfe, can no more acquire an increafe in its mo- 
mentum of rotation, than any Qther body, moving freely, can 
acquire an increafe in its momentum, or quantity ot motion, in 
any given diredion, without being impelled by gravity or fome 
other force. And the truth of this conclufion (which is here* 
inafter proved by other reafoning) may be eafiiy inferred from 
the property of the lever; feeing that the joint Gentrifugal 
force of the particles^ of the revolving body (which is the only 
difturbing force) has no tendency to accelerate or retard theig 
motion about the niomentary axis, but only to alter the pofi- 
tion of fuch axis, the dire£tion in which that force a6:s being 
always in a plane wherein that axis will be found. 

By the theory explained m this paper, it appears that a pa^ 

rallelopipedon may always be conceived of fuch dimenfions^ 

^ tliat 
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that being, by fome force or forces, made to revolve about an 
axis, paffing through Its center of gravity, with a certain an- 
gular velocity, it fhall move exadly in the fame manner as any 
other given body will move, if made to revolve, by the fame 
force or forces, about an axis paffing through its center of gra- 
vity; the quantity of matter (as well as the initial angular 
velocity) being fuppofed the fame in both bodies; and due re- 
gard being had, in the application of the moving force or 
forces, to the correfponding planes in the bodies. Therefore,, 
as we may from thence always aflign the dimenfions of a pa-- 
rdlelopipedon that fliall be afFefted exadlly in the fame manner 
as any other given body will be affeded, as well with regard to 
the centrifugal force of the refpedlvepartlclesof the bodies, as to 
the adion of equal percuffive forces, or ofcillatlon ; It will^ 
after fliewlng how the dimenfions of ixxch parallelopipedon xnzy 
be computed, be only iireceflary, in invejftlgating the propofitlon 
under confideration, to determine the tracks and velocities of; 
the poles of the momentary axis, about which zn^f paralielopi^ 
fedon may be made to revolve^ 

Flrfl: then to find fuch parallelopipedon (P), that, with re- 
ipe<St to the aftion of fueh forces as are mentioned above, it 
may be affected exactly in the fame manner as any other given 
body (Q). Let it be confidered that G (tab.X.fig,i.) being the 
center ofgravity,N a point of fufpenlion, and O the correfpond- 
ing center of ofclllatlon or percuffion, the rectangle GN x GO^ 
will be an invariable quantity, the diredion NGO continuing 
the fame j and that a cyllndrlc furface being defcribed, fucb 
that th^ center of the middle circular feftion thereof (hall be 

-\f^^.t"^\mt..'\'\\ f III' -- - ----- 

G, and radius rr^/GN x GO, and whofe axis fliall be perpen- 
dicular to the plane wherein the line NGO is fuppofed to be 
impelled to move; if all the matter in the body were placed 
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any where ia that furftice, fo that G {hould be the center of 
gravity of the matter fo placed, any given force or forces, ailing 
on the body hi the plane juft now mentioneds would can fc the 
luie NGO In the body to move exadly in the fame manner as it 
would move, if it were can ied with the matter placed in the 
faid furfece (as before-mentioned) after having been put in 
motion by the a£lion of the fame force or forces. Moreover, 
let it be coniidered, that there will at leaft be three permanent 
axes of rotation in the body Q, at right angles to each other 
(as I have proved in my Mathematical Memoirs) \ and that, 
fuppofing NGO to coincide with thofe three axes in three fuc- 
ceffive cafes wherein the matter in Q^ftiall, in each cafe, be con- 
ceived to be placed in a cylindric furface as defcribed above, we 
may conceive it poffible fo to place the matter of the body, 
that all of it (hall be in each of thofe three furfaces, and G 
ftill continue its center of gravity. And, a computation being 
made accordingly, it appears, that the matter of the body Q 
mufl be placed, in equal quantities, at each of the eight an- 
gular points of a parallelopipedon (R) whofe dimenfions 

(length, breadth, and thicknefs) fhall be v/ 2^^+ 2/' -2^% 

s/^e^ + ^j'' - 2^% and \/ %d ^ + 2^^ - 2^ ^ ; d^ e^ and f^ being 

the three values. of s/GN x GO, when NGO is fucceffively a 
permanent axis of rotation, with refped: to the body Q., ill 
three direftions at right .angles to each other. 

If Q^were a parallelopipedon, it may be eafily proved, 

that its dimenfions mufl be v^6^^ + 6/^ - 6^% \/be' + 6/ ^ — 6^ , 
and v^6^'' + 0^^- 6/^, that the correfponding parallelopipedon 
at the angular points whereof the matter of Q is conceived to 
he placed as above, may have the fame dimenlions as thofe 
which we have found our parallelopipedon R mufl have. 

2 Whe^"' 
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Whence we may infer, that the paralkloplpedon (P}, which 
we propofed to find, muft have the dimenfions laft written ; 
mmely, length, breadth, and thicknefs, refpeaivelj equal to 

V6d^ ^ bf' - 6e% s/U + 6/ ' -• 6^% and \/6^^ + 6/ « 6/": 
which may be confirmed by a more ftrift demonftration founded 
on the principles made afe of in my fourth Memoir. For it 
appears by what is there proved, that the centrifugal forces of 
the particles of any revolving body, in two diredions at right 
angles to each other, may be exprefled in terms of A, B, K, 
and variable quantities Ihewing the pofition of the momentary 
axis ; and that, in a parallelopipedon whofe dimenfions (length, 
breadth, and thicknefs) are ^, ^, i; and whofe mafs, or con- 

tent, is 3 M ; A will be ::=: — - , Ji rz — -, and K =: -— . If there- 

' 12 12 12 



fore ^ be = ^/bd' + tf - 6e\ b = s/be' + 6/ ' - 6^% and k 

■■wiMi>Wiii»iM]iiiiriii[[B»ii.u<iijriitiTr';'. , i i -.rT i i >' -tr~<X\ — rw 

s/td'' + 6/ - 6/*' ; in fuch body^ 
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A will be = — X ^^ +p — e 

2 ^ 

M 
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K^ —— xd^ + e''-t\ 

But, in any body whatever, 

_ - -'hiwkWwihi m>iiii<*niTiiwiaiiiiMi- 

M X d^ is r:: the fum of all the 'x" + 2;'' x ^, 
M K f 2^ 13 the fum of all the 'f + %' x p^ 

I !■ « i<Mn I iiiwi tail ■>»! HI 

M ><-f = the fum of all the x +y' x ^, 

"^k /jT HTn f » w nT- t rr.i ■ .n'l- ..111..1 m ' 1 •"'ii 'mi ' ■' -ir ■ ■in..iM **" " *1' ' '" "- — ■—Yf—i' i i ' i li Wiii 1 " ■ ] — r i r rr r n 1 1 , m 

and — x^'+^'^+^'' = the fum of all the x' +y^ + %" xp ix^ /, 

and % correfponding to the place of the particle p In the body ; 
;v being iiieafu red from the center of gravity upon a permanent 
axis of rotation, j at right angles to x\ and ^ at right angles 

tO- 
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'to y in a plane to which the faid axis is perpeiKJieular, 
Therefore, 

A, which is =r the £xxm of all the ^* xji, will be » — x d^ 4-/- - ^% 

B, =theftimofaIlthej)?*xj^, =— x ^^+/*-*^% 

K, =:thefumofallthe%* xjS, 2:— x^^+^^-^y% 

Hence it is evident, that 4 f, and/ being determined from 
any body whatever, the values of A, B, and K will be the 
-{amc in that body as in onr parallelopipedbn P ; and that the 
centrifugal forces of the particles will be the fame in both bo- 
dies. Confequently, their motions about fucceffive momentary 
axes (whqfe pdes ar^ varied by the perturbation: arifimg from 
thofe forces), will be the fam4i in both bodies ; their initial an- 
gular velocities being the fame ; as well as the pofition of their 
initial momentary axes, with refpe£t to the correfpondent per* 
manent axes of rotation in each body. 

Let us now proceed to find how any paraltelopipedon will 
revolve about fucceffive momentary axes paffing through its 
center of gravity: by which means, with the help af the 
theorem juft now inveftigated, we fhall be enabled to define 
how any body whatever will revolve about fuch axes ; which is 
the chief purpofe of this dilquifition. 

Fig. 2. and 3. The length, breadth, and thicknefs of the 
rtvoW\ngparallelopipedon(?)h&i.ng2d, zd and 2(^, conceive a 
iphericalfurface without matter, whofe center is the center of 
gravity of the body P, to be carried about with that body 
during its motion ; and let the faid furface be orthographically 
projeaed, fo that the radius upon which b is meafured may be 

reprefented 
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reprefented by AB; the radius upon which Vis meafured may 
be reprefented by AD ; and the radius AC, upon which c is 
meafured, may be projected into the central point A* Let P 
be tlie momentary pole, and PQj:he continuation of the great 
circle CP. Let ^ denote the radius AB ( = AD) ; g and y thq 
fine and cofine of the arc CP ; s and t the fine and cofine of 
the arc BQ^, to the fame radius ai ^ the angular. vdlocity of the 
body and fpherical furface, meafured at the diflance a from 
the momentary axis ; and M the mafs or content of the paral- 
lelopipedon ( = ^bcdj. 

Then the motive force E, urging the pole P towards Q^^ 
will (by what I have proved in my Mathematical Memoirs) be 

= _f_^y y^ Dj^ _ C^"^ • and the motive force E, urging the fame 
pole in a diredion P^, at right angles to that in which E a6ls, 
= ' t X D-^^ ; C and D being equal to c* - I?'' and ^'— 3"" re- 

fpe£lively. Let Pj' be to Pa as E to E ; complete the paral- 
lelogram aP^r, and draw the diagonal Pn This lafl men- 
tioned line will (by what I have fliewn in the Philofophical 
Tranfadlions for the year 1777) be perpendicular to the tan- 

II Hi 

gent to the polar track at P. Therefore Vppp bemg the pro- 
jedion of that track, and Vp an indefinitely fmall particle 
thereof; \i pu be perpendicular to P^A, and the quantities 

^^_>% c^~/^% be not negative; ^ x b/-Ci^' will be to Dst 

(as P^ to Vo) ViSpu to P^, the triangles Par and Vup being 

fimilar, andar^P^r. But with refpe£t to our fpherical fur- 

• • 

face, /5^z^ wiilbe to P/^ as^ito -^^; therefore, Cct-Drxg 

t> • ■ 

he = Dgss, ziid^=:-Y^'-rr^. Whence, by taking the 

Vol. LXXV. U ii fluents, 
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fluents, we nave s^^a^x ' . > and /^=5^* X — :prT^J' 

m and ;? denoting the values of s and"^ /, when g is=:<3:and? 
7 — o ; and B being put to denote the difference D—C=^^ -r**. 
If now /? and ^ht put to denote the eofines o£ BP and DE' 
to the radius a^ we fhall, from what is done above^, have. 

p -* — = I 5 > ^— T ==-■ — "^ — r^* > 

••■- ■■ - # . - • > 

^/S* +.cV +^'^' =^'«' +:iW,. and ^"/S/S -fer^^-jrv^^feor 

!l©mwing-iiB:fo^tiiafe:D^->^.fiBe of^^RRHMl.,ber:^%-„ Jti' is 
wry remarkaMe^ tk^ the naomentaf}^ pole ^P)^ will , rwi romid 
abqut the point B| or aboitithe point ©^in the fph€dcal fuf face^ 
according as the; initial pole fhall be in the part BCR ofiDCR 
of the fail fwface ; that is, according as Bm^ is. lels oi^ greater 
than Co" t- and tbat^ if the: initiate pole P^} be anf where in 
the greats circle CB, the ra^mentar}^^ p0ie9 keeping iathearc 
of that circle^, wiHi continually approach nearer and ^nearer to 
the points C in ^ the forface of the fpbere ; ; buc, by what M- 
lows, wa fhali fed that itinever caa arrive atethat ppintin any 
finite time If 

^ The ■ eipation-off-the: > tracl::^, of f the- polo^ > in-the:proje£tion to 
which we have hitherto, referred. wiM| it ;k now obvious^ be 

jy^ —— ,,x.,;)(f 4^. ^ Z^^. ^ ;,%.-., mea&red': from ^thet center^. A uppii. 

AD5.. being :=:^li-,; .and^^j.., at "right^ angltstheretOj... ::z0. 
.If C'be::^-iD (that.is^Jf.-^ be.^=^)l , ^- wiH:. he. ecjpal, to-the-inn. 
:variabfe cpantity m ; ; Ae prcye^ed trac% a r%^^^^^^ to 

AB ; : andv the. track upon the ftrface of the fphere, a; lefer 
cjrok in a plane garalleLtatherplane of the great circle BC* 

II 
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flf Chc~D^ y will be equal to the invariable qutiltlty;^; 
the projefted track, a n^/6/ /m^ parallel to AD ; and the triick 
on the flirface of the <fphere , a lejfer circle in a plane parallel to 
the plane of the great circle CD» 

M Drn^ be::::C^^ the projeded^track will fc^e the r%i^/ line AR^ 
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^nd J'— Q X -^ ; the track oipon the furface of the fphei^e be- 
ing the great circle CR. 

In all other calesm this f^rojedlion, the track will be an ^y- 
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feraola whoiQ center is A, lemi axis Aa^- — ^ | , and the 
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Other femi-axis =z — — ; the right line AR being alwa^ys an 

ajypmtote. 

Fig. 4. When the track is prc^e<^ed on a plane ACB, to 
which the radius AB is perpendicular (the point D being the 

\ ... ,■ ■ D ' — ■ — "-^■ 

vertex as before) the equationthereof will hty^~"^ — x nf ^x^^ 

Xy meafurqd from the center A upon AB, being :x:J^ (as before) ■; 
and y^ at right angles thereto^: y. This projedion of the track 
of the pole will therefore always be an elites zh (or a circle j 
whofe center is A ; femi-axis A a =« m ; and the other femi-axis 
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xm: excepts be^^; in which caie the |)rqjedted track 

will be a right line ab parallel to AC* 

Fig. 5. Moreover, the equation of the track projeded on the 
plane ABC, to which the radius AD is perpendicular, will be 
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^^~^_Xw^--^^; ^? naealured ^orm the center A tipon AB^ 

being =:i8; andjy, at right angles thereto, =:=y. The track of 
the pole an this projedion will therefore always be an ellil>fu 

U u a ^k 



ab (or a <?/r^/^ whofe center is A ; (emi-axis A a=:^ ; and ttic 



other femi-axis rr |- 1 x n; except c htzz d; m which cafe the 

projefted track will be a right Jine a b parallel to AC. 

With regard to the permanent axes of rotation of our p^at* 
lelopipedon, it appears, by my Mathematical Memoirs^ that if 
two of its dimeniions be equal (that is, when the body is a 
fquare prifmj^ any XmQ paffing through the center #f gravity of 
the body, in a plane to which the other dimenfion is perpendi- 
cular, will be a permanent axis of rotation ; as. will the line 
paffing through that center, at right angles to that plane. If 
all the three dimenfions be equal (that is, when the body is a 
cuhe)^ any line whatever paffing through the center of gravity 
of the body will be a permanent ax.ls of rotation. 

It is obfervable, that the momentum of rotation of the 
body, about the momentary axis, is found by computation. 

»f < ■— I « W F W II ■» I ■ n . m i w i » 1 1 Pill .III I w ■ i WW It Miwi.niiiMii-iwii«i iiiiwii— 1 m ^ 

always == — X b^m'^ + e'a'- + ^ V, e denoting the angular velocity. 

jpH Hill " ■ '■■ * ' " ■ ■ '— ■* ■■ '* »i « ii^ — *«'i » i.»ww— w ww M Wipip m n K '" 

Bnt 4: X ^^^^ +c^a'' + d^n^ is the initial momentum of rotation. 

Therefore, confiderlng the momentum of rotation as invariable, 
the angular velocity will be invariable, e being always =:^ 
which here denotes the initial angular velocity. 

Our next bufinefs is to find the length of the track defcribed 
by the momentary pole (P), upon the fpherical furface -, and 
the velocity of the pole in that track. 

Fig. 2, 3. It appearing, that the motive force E is = 

-4 X T>m^ - Ca^ X ^ , and the motive force E = -4r- x v^Dm^ -Cy^ 

3^ i 3«% 



. X 4/D/^^-By^ 5 we find F=: VE^ + E'' (the force compounded 

,l\/r yj . — ■ ' . ir ^ . - ■■ ».— ■ ' - i jn .' i . ■» ', - -^ f 

of thofe two forces) s= ^ x s/Wrrfn" - BQa^y ; and, F being 
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to E as ^ to the fine of the angle pVu^ it follows, that the 

fine of pVu will be =: --7 ^^ T f , "^^^ ^i > and its cofine= 
^ — ^v"T 7 ^ ^^ r ^ ♦ Therefore, that cofine being to radius as 
( — J the fluxion of the arc PQ to (2;) the fluxion of the polar 
track on the fpherical furface, z will be .— ^ w « - ^ y 



Now, P/LN being a quadrant of a great circle (touching the 
faid polar track at P), and NAN a diameter of that circle; if 
we put w to denote the diftance of any particle ^j of the 
parallelopipedon from that diameter, and G to denote the ac- 
celerative force of any fuch particle when wisrz^; the motive 

Me' 



force F (- — i X \/D%V - BCa'^y)^ computed above,will be r= 

G 

-^ y^the jkm of all the w'^xpi which fum, by computation, is 
found nz-x — — D^/^V-BC^^ — • Consequently, 



^ "Pv^-^a 2 r>r^ 2 2 

ti D m n ■ — DL.a y 



Gwillbe = - X,.^,i.D.,v-.V+.V4-^V.BC.-' ^"^' '^y 
what I have done in the Philofophical TranfaSliom for the 

year 1777^ — will be r: 1; r: the velocity wherewith the 

momentary pole changes its place in the fpherical furface l(> 
which It Is referred* Therefore, 



V Will be== -^ ^ Vtt^: t\^ 2 2 72-2 . a 2-T-72-2 ' T3r^ 2 ! and - = T, 



the fluxion of the time = "-^ x '-^Sr^^^^^^^^^ 



«FsnW^"' 



2^4 ^* hAi^TiEJ^h^InveJI^ai'm'cf 



t z \ VD/^i^-Gy^x V^D/a^-B/ 



»■■■!<■—»■ 




+ 



X D*«2 Vy 



"72^. 2 , 2 2 , jZ 2 



when D;;i' is = Ca% becomes =: • — '-^ 



e ^BC .^^-Z 



It is evident, that "vfg ^ ^ >^ ^JP* ^^S' ^^ JZ^ ' '^^^ '^'Avit of 

T in that particular cafe, will be infinite when y is r: ^^ ; and this 
conclufion agrees with what is faid above refpeftuig the motion 
of the momentary pole along the great circle CR (fig. 2^ 
and 3.). 

I have not found, that the value of T will, in general, be 
affigned by the arcs of the conic fediions ; but my Tables;^ fliew, 
that it will be fo affigned when Dm' is=:B^% and in fome 
other particular cafes. 

We have ftill to inveftlgate the track of the momentary 
pole in the immoveable concave fpherical furface, which we 
muft conceive to furround onr moveable convex fpherical fur- 
face, fuppofing the center of both thofe furfaces to coincide 
with the centers of gravity of our parallelopipedon : which 
central point is always in this difquifition fuppofed at reft. 

Let AL be the projedion of part of a great circle CL^, 
at right angles to the great circle Pj^LN; then will the 

fine of the arc CL be = '-r^=^^^=^^ *, its cofme = 



— ; and, the fluxion of that fine 



V D'-m'-n'' - l^Qa\ 



D/«^~.Cr.^xD^mVy 



being = ^ ^-^^- xv mny ^^ ^^^ ^^^.^^^ ^^ ^^^^ ^^^ .^ j ^.^^ ^^ 

^ Mathematical Memoirs^ piiblifhed in 1780^ 
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tehe line of the arc rlu being = . ^ r ; ; 

and this fine behig to radius as- the fluxion of the arc CL, to the 
meafure of the angle of contaft of the polar track on the movea^ 
Me fpherical furface with a great circle, we find that meafure 



"~ V ^^ZZCy^y V Dn"- -^ B/ X D^;2 V- BC A* "^ ' DViV^BC^VT^ 

The meafure of the angle of contact of the track of the 
momentury pole, in the immoveable fpherical furface, with a 
great circle, will accordingly be 

^rr - — — — -T- - -7 -^ , , ~^ =~- : by means of which 

meafure we may defcribe, by points,- the track of the momen« 
tary pole in the fpherical furface laft mentioned. 

There are other methods of finding that track ; but I know 
none that is lefs difficult than this method^, or in any refped 
more fatisfadory. 

The radius of the leffer circle, which is the circle of curva- 
ture of the polar track in our immoveable fpherical furface^ 
will be = 



^/z^ 4. i^f.'of the meaf. of th^angTofconu ^ ^If^^"- . ~^^ 4. / 4. d"^ • «^ •- ^^>^ 

When B isrro, or very fmall in comparifon with D, and 
D/«^ is lefs than C^% the laft mentioned radius will be equal, or 

nearly equal, to the invariable quantity • . -^ ; 

the track of the pole in the immoveable fpherical furface being 
then exactly, or very nearly, a leiSTer circle. At the fame time^ 

the 



3^6 l^.ljAisia^ 

the polar track tipon the moveable fpherical furf ace ViU be 
exaftly, or very nearly, a leffer circle whofe radius is^* 

WhenCisrro, or very fmall in comparifon with D, and 
Dm^ is greater than C^% the track of the pole in the immovea- 
ble fpherical furface will be exadlyj or very nearly, a lefler 

ckcle whofe radius is =s --r::^::-— --^^r— :::^ ; and then the polar 

track upon the tnoveable fpherical furface will be exa£Hy, or 
wery nearly, a lefler circle whofe radius is ;?. 

Whatever the curves may be which the momentary 
pole dm all defcribe in thofe two fpherical furfaces, the track 
^upon the moveable furface will always touch and roll along 
the track in the immoveable furface (whilft the common cen- 
ter of hoth furfaces remains at reft), in the manner defcribed 
in rny Paper in the Philofophkal TranfaSiions for the year 
1777 ' ^^^ velocity of the point of contact being equal to the 
value afv computed above, which velocity when B Is =:o, or very 
fmall in comparifon with D, and Da;^^ is lefs than C^^, will be 

cxadly, or very nearly, = • ^ ^z X -^ ; and when C is = o, or 
very fmall in comparifon with D, and Dm^ is greater than Ca^^ 
that velocity will be exactly, or very nearly, = ,. i X —r * 

The polar track upon the moveable fpherical furface 
will always roll along the convexity of the track in 
the immoveable fpherical furface ; the convexity or con- 
cavity of the former being turned towards the convexity 
of the latter, according as X^m" is greater or lefs than Ga^ 
Which track in the immoveable fpherical furface, when it 
is not circular, will touch a certain circle as often as 7, during 
tlie motion, fhall become ss o • and likewife another parallel 

circle 
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circle as often as y fhall become equal to ^ x ^;, or ~ x n-, 

the parts of the track between the points of conta£l being per* 
fe£llj fimilar. If D/;i^ be = Qi^ (D;^^ bemg then==B.r, and 



D 



D 



I 



confeqiiently^ %m— -^\ xn:=zaj^ the faid track will make 

au infinite number of revolutions about a certahi point, con- 
tinually approaching nearer and nearer thereto, without arriv- 
ing thereat in any finite time, though the length oi the fpiral 
fb defcribed cannot exceed a certain finite quantity. 

M. EuLER has computed, that if the motive forces to turn 
the revolving body about AB, AC, AD, be refpe£lively de- 
noted by H, I, K ; 

H will be-— • — r- xfliix. of ^/3--^ . B/y^^ 

I ss ■— -. — -:— :x ..flux, of ^^ + —; . D e'B L 

M /^^ 4* /* Tvr 

^ =— . — — -x flux, o£ eS -5 • C/5'yi 

y being fuppofed to decreafe asT increafes : and he has put the 
value of each of thofe forces (H, I, K) =0. In doing fo, it 
feems to me, that he has erroneoufly alTumed equations as 
generally true, which are only fo in^a particular cafe. For 

—-5 • B^V^is the motive force to turn the body about AB, arifing 

from the centrifugal force of its particles revolving about the 
momentary axis AP, fuppofing the pole to keep its place 1 

jjiid ^ . __ X flux, of ^/3 is the value of the motive force 

•# ax. 

requifite to caufe the whole variation of the velocity f^j about 

AB. But the firfl mentioned force alom does not, in genera!, 
Vol. LX]^V* X x caufe 
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caufe all the varktion of the velocity about AB ; that velocity 
varies iii confequetice of the evagatioii of the pole P; and that 
evagation is caufed by the motive forces urging the body to 
turn about ABj AC, AD, conjunBly. Therefore the motive force 

TK ft 

— 7 • B/yS about AB only will not, in general, be equal to 

ivr //^ ♦4- /*^ 

— • — r-xflux. o£ eB. the value of the whole motive force 

requifite to caufe the variation of the velocity^, as M. Eujlee 

reckoned. 

The like objedion may, I conceive, be juftly made to his 
other tv^o equations limilar to that which is here particularly 
adverted to. 

M. D'Alembert's radical errors, in treating this fubje^t^, 
appear to me nearly fimilar to M. Euler's. 

Other arguments may be adduced to prove, that the equa* 
tions affumed by thofe gentlemen are not well founded. If the 
forces to turn the body about the lines AB, AC, AD were 
each = o, the velocities about thofe lines muft each remain inva- 
riable; but it feems abfolutely impojflible that they can ever 
remain fo, whilft the angles which thofe lines make with the 
momentary axis are each continually varying. Moreover, ac- 
cording to their conclufions, the tangent at P to the track of 
polar evagation, upon tlie moveable fpherical furface, will not 
always be perpendicular to the direction in which the pole P 
will be urged to turn by the joint centrifugal force of the par- 
ticles of the revolving body; whereas it is proved^ Iprefume, 
beyond a doubt, in my Paper above-mentioned, that the faid 
track will always be interfered at right angles by the diredion 
in which the momentary pole fhall, at any inflant of time, be 
urged to turn by the force caufing its evagation* 
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If we refoke each of the three forces H, I, K, into two 
others ; the one to turn the body about the diarrieter NAN, and 
the other to turn it about the momentary axis PAP, at right 
angles to th^tt diameter ; the forces to turn it in the laft men- 
tioned diredion, arifing from the faid forces H, I, K, will be 

— = _ • .«.__ y^Q flux, of eB 5 . Be fiyL 

T 7 • "^Xy flux, of ey + 'p • De'0y^, 

i5 = ^ . £±i!x|flux. of e^-'—^Ce^fiyl 
^ 3 ^4T 3« ^ 

The fwm of thefe forces, it is obvious, muftberzo; the di- 

re6tion wherein they are fuppofed to zdc being at right angles 

to that in which the body will be adually urged to turn by the 

joint centrifugal force of its particles, and that being the only 

force whereby the motion of the body is fuppofed to be afFeded : 

M 

which fum (B + C — D being = o) is, when divided by -—r- , 



But P0 + yy + f^ being before found = 0, we have 



d'' + c^ + lf'ycfifi+yy + S}^o; znd if"" 0(3 + c'^yy + d'^o^ being 
alfo foundrro J it evidently follows, that 

d^ + c^ . 0'0 + d^ + if^ . «,.^ + (r' + ^' . ll willbe^o. 



«MQf>MIKMN«mMNwaW«H 



Therefore d^ + c^ . jG4 + # + 3^ , yV+/:' + ^" . §V will be = o: 
confequentJy ^ will be = o, and e invariable ; which agrees with 
what is faid above refpe£ting the momentum of rotation. 

The other forces arifmg by refolution from the forces H, T, 
K, to turn the body about the diameter NAN, will be 

jcx X ^ 
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s 3«^ ST ''^ S^'^s, -^ ^' ° ' 



••ixvhn^iiM 



S being -v^DW;2^"-~BC^V 
And, no external force being fuppofed to aft on the body, it fol^ 
lowsj that the fum of thefe three forces muft be = o : , there- 
fore we may infer, that 



.2 



T will be zz ;^ X BV^lTD^^^^^H-C-gV ^' "^^ ^^^^^ 

ing with the value of T found above, the truth of our pre- 



ceding procefs is thus confirmed. 



The force -^ X By ^ + B'^fi'S' + CiSV^; arifing from thoft 

three forces, is the wbo/e joint centrifugaLforce of the particles 
of the revolving body, to turn it about the diameter NAN the 
way it will adually be urged to 'turn by fuch force; the value 



TV/T p^ ~ ... .. II,!. ■ « ! ■ ' -■ ■.. . I . H i 

whereof fo computed will be ; (.== --^ X v^D'^^^^ - BC^y r: 

—5-) equal to the value of the force F computed above, Both 

being confidered as urging the body to turn in the fame 
dii^dion. x^nd the quantity 



memmmmmmmmmitmmmmfmago- 



3«3ST 

(zzSl^ y, the Fum of ati th w^x/>)is the value of the motive 

force which, afting in that very dire£lion, is requifite to caufe: 
the momentary pole to change its pface as above defcribed^ 
Thus we fee diMnftly how the equation arifes, by which the 

value of T isjuft now determined. I do 
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I do not find that the refolvhig the forces H, I, K, in any other 
manner will conduce to the attainment of any ufefiil conclufion. 
It appears j by what is done above, that the force 



Hisr:-^xCDWiS% 



3^3KT 



M^ 



I isn: -i^ XBC • Qn'^-'^m' . y'y. 



3 a^RT 



3^^RT 

R being- By r + D^/3T+C^ySy. 
AnA it is obvious, that each of the three lafl: mentioned forces 
will be = o, if any two of the quantities^, r, ^, be equal;. 
two of the values of thofe forces then vanifhing, by reafon of 
that equality; and the third value alfo vanifhing by either 

jS, y, or J', being at the fame time=:o. Therefore, in that 
cafe it happens, that M. Euler's computation • agrees with 
mine: in every other cafe, I am clearly of opinion, his con- 
clufions are not true. The fame may be faid of M. D^Alem- 
Bert's conclufions refpedring the fame propolition* 

The evagation of the pole of a revolving body confidered 
above, does not arife from gravity, the attraftion of any other 
Body, or any external impulfe whatever ; but Is only the con- 
fequence of the /^^r//^ (f matter^ zn^ muft neceflarily enfue, 
according to the theory here explained, in every bod v in the 
univerfe, after having been made to revolve, without reftraint 
about any line pafTing through its center of gravity, thatis not /? 
fermaneni axis of rotation. 

The Earth being neither uniformly v denfe nor a perfe£t 
fpheroid muft, in ftri£lnefs, be coniidered as having only three 
permanent axes of rotation, agreeably to what I have proved 
in my Mathematical Memoirs \ and, as it is difturbed^ in its 
rotatory motion by the attradion of the fun and moon .|,and 
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other bodies in our fyftem) ; it follows ; that it wilt not conti- 
nually revolve about either of thofe axes, but will revolve, or 
endeavour to revolve^ about fucceffive momentary axes, as {hewn 
above. If then its three permanent axes of rotation be called 
its^fr//, fecond^ and third zkcs; and the poles of its Jirjl axis be 
thofe about which its momentary poles are carried according to 
our theory ; theyfc'c:^;^^^ and thtrd axes will be ii^ the plane of its 
equator, the three being at right angles to each other. There- 
fore, with refpeft to the above theory, this terreftrial mafs muft 
be coofidered of flich a form, that its equator, and any ie£lion 
parallel thereto, fliall rather be elliptical than circular. And, 
denoting its firft, fecond, and third axes by ^, <r, ^, refpedively, 
obfervations evince, that the diflference c-b will be much 
greater than the difFerence d-^c. Whence it follows, that (fup- 
pofing the earth's rotatory motion to be difturbed only by the 
centrifugal force arifing from the inertia of its own particles) the 
track of polar evagation with us will be nearly circular, antilthe 
radius of the limiting circle very fmall, whether we have regard 
to the moveable or immoveable fphericalfurface referred to 
above ; but that, in the latter furfacev fuch circle will be much 
lefs than in the former : and it moreover follows, that the con- 
cavity of the track upon the moveable furface will continually 
touch and roll along the convexity of the track in the immove- 
able furface. 

In other planets, the tracks of polar evagation may, from a 
fimilar caufe, be very different. The theory above explained 
evidently proves, that their axes of rotation may poffibly vary 
greatly in pofition, merely through the inertia of matter ; whilft 
Providence has fb ordered it, that the pofition of the axes of 
rotation of this planet fliall, by that caufe, be but very little 
altered. 
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